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Introduction 
A method for the simulation of seismic wave propagation in the laterally heterogeneous 

whole earth models is presented by solution of the elastodynamic equations in the 3D cylindrical 
coordinates. 

The problem is simplified by considering a slice through the sphere and solving the elas-
todynamic equations in a 3D cylindrical coordinate system rather than in spherical coordinates. 

As is shown by T. Furumura et al. (1998), the main difference in wave fields, obtained by 
approximation of the full spherical geometry using the 2D cylindrical coordinate system, arises 
from the geometrical spreading factor and from replacement of the 3D seismic sources by the 2D 
sources. All these factors are taken into account when we deal with the 3D cylindrical coordinate 
system. 

In order to come to a compromise between realism and computational efficiency, we 
have developed a 2.5D spectral Fourier-Laguerre approach for calculation of the 3D elastic wave 
fields in cylindrical coordinates, when the elastic parameters of the medium depend on the radial 
(r) and the azimuthal (ϕ) coordinates and do not depend on the vertical (z) coordinate. 

At the first step of solution, the original problem is split to a series of independent 2D 
problems by means of the finite integral Fourier transform.  

The obtained in such a way 2D problems for each spatial frequency reduce to a system of 
algebraic equations by using the finite integral Fourier transform with respect to the azimuthal 
coordinate (ϕ), the integral Laguerre transform with respect to the temporal coordinate, and the 
finite difference technique of fourth order accuracy with respect to the radial coordinate. 

Thus, we arrive at the system of algebraic equations with a matrix independent of the pa-
rameter j  – the degree of the Laguerre polynomials. In this case, only the right-hand side of the 
system has the recurrent dependence on the parameter j , which is an analogue to the temporal 
frequency in the frequency domain methods. For solving the obtained system with a great num-
ber of the right-hand sides one can use fast methods such as the Kholetsky method. As this takes 
place, the matrix is only once transformed as opposed to the frequency domain forward model-
ing, when we have to transform a matrix for each temporal frequency, and this requires high 
computational costs.  

However, when simulating the seismic wave propagation in the laterally - heterogeneous 
Earth’s models for high frequencies we deal with a necessity to solve linear systems with several 
millions equations. In this situation we use iterative methods, such as the conjugate-gradient al-
gorithms, since direct methods are too expensive in terms of computer memory and CPU-time 
requirements. In this case application of the integral Laguerre transform results in the well-
conditioned matrices and provides fast convergence of iterative methods. On this stage, the pro-
posed algorithm is readily parallelized on multi-processor computers. 
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Statement of the Problem 
We will consider a 3D cylindrical coordinate system with the coordinates ( , ,r zϕ ). The 

first order system of equations for the velocities and stresses is written down in the symmetric 
form: 
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Equation (1) will be solved with the following boundary conditions at the free surface: 
0 atrr r r aϕ ϕϕσ σ σ= = = =  (2) 

and with zero initial data. 
In equation (1), , ,r zu u uϕ  are velocity components, ijσ  are components of the stress tensor, 

( ), , ,p pF F r z tϕ=  ( ), ,p r zϕ=  is the body force. We assume the medium to be invariant in di-

rection z , that is, ( ),rλ λ ϕ= , ( ),rµ µ ϕ= , ( ),rρ ρ ϕ= . 
At the first step of the solution of our problem, we apply the double finite Fourier trans-

forms with respect to the coordinates z and ϕ . Let us note that the use of the first order system of 
equations for velocities and stresses in the symmetric form offers an essential advantage. Here, 
the elastic parameters are located only at the time derivatives, and we approximate not the de-
rivatives of components of velocities and stresses, but these components in themselves. Such an 
approach essentially accelerates the convergence of our algorithm. 

At the second step of the solution of our problem we employ the integral Laguerre trans-
form with respect to the time (Konykh and Mikhailenko (1998), Mikhailenko (1999)). The inte-
gral Laguerre transform for a certain function ( )F t  defines as: 
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with the inversion formula: 
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where ( )jl htα  are the orthogonal Laguerre functions.  
The obtained after integral transformations system of equations is solved using the stag-

gered finite difference schemes of fourth order of accuracy with respect to the coordinate r. The 
resulting system of algebraic equations is solved by iterative parallel methods, such as the conju-
gate gradient method. In this case an appropriate choice of the parameter h provides a rapid con-
vergence of iterative methods. 

Let us note that if elastic parameters of a medium depend only on the radial coordinate r 
in a certain part of the computation domain, then the resulting system degenerates, and we have 
the classical separation of variables in combination with a 1D finite difference technique (Alek-
seev and Mikhailenko (1977)). 

 
Conclusion 

We have presented the spectral finite difference algorithm for laterally heterogeneous 
earth models. This algorithm combines flexibility of the finite difference techniques for 1D prob-
lems with the accuracy of spectral representation. This approach allows varying computational 
costs and computer memory depending on the complexity of a medium on one or another part of 
a computational domain. In addition, if the elastic parameters of a medium are smooth functions 
of the azimuthal coordinate ϕ  the method becomes much simpler and faster. This is particularly 
important for computation of seismic wave fields for 3D models of media. 
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